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ABSTRACT: To provide insights into how polymer-grafted
nanoparticles (NPs) enhance the viscoelastic properties of
polymers, we have computed the frequency-dependent storage
and loss modulus of coarse-grained models of polymer
nanocomposites by means of molecular dynamics simulations.
Nanocomposites containing NPs grafted with chains similar to
those comprising the host polymer matrix exhibit considerably
higher moduli than nanocomposites containing bare NPs
across the entire frequency range investigated. This effect is
shown to arise from the additional distortion of the shear field
in the polymer matrix resulting from the grafted chains and from the slower relaxation time of the grafted chains compared to the
matrix chains when the former are at least half as long as the latter. Increasing the attraction between the grafted and matrix
chains results in further enhancement in the two moduli, but only at frequencies slower than those corresponding to the longest
relaxation time of the chains. This effect is shown to arise from a dramatic slowdown in the relaxation dynamics of both the
matrix and grafted chains. In addition, the nanocomposite moduli are found to increase with decreasing NP size and increasing
NP loading, grafted chain length, and grafting density with varying frequency dependence. These parametric effects are also
explained in terms of shear distortion effects and chain relaxation times. Based on these results, a phenomenological model is
proposed to estimate the storage and loss modulus of such nanocomposites as a function of the Rouse relaxation times of the
grafted and matrix chains and the volume fractions of the NPs, grafted chains, and matrix chains. The model captures the
observed dependence of the moduli with the examined parameters of the grafted NPs and yields moduli predictions that agree
quantitatively with those computed from the simulations at low frequencies.

■ INTRODUCTION

The incorporation of nanoparticles (NPs) into polymer can
drastically alter the properties of the host polymer.1,2 The
nanoscopic size of NPs allows for high particle number
densities to be achieved at small particle loadings <10 wt %,
enabling a large fraction of the polymer to be in direct contact
with the surface of the particles.2,3 The NPs are often grafted
with polymer chains to introduce steric (entropic) repulsion
between the NPs and prevent their aggregation due to
attractive van der Waals and depletion forces.4,5 The ability
to integrate particles with different propertiessize, shape,
stiffness, and interactionsoffers an easy and highly versatile
approach for tuning polymer properties. Indeed, such polymer
nanocomposites (PNCs) have attracted a lot of attention
recently and have found many applications in industry.6−8

An important class of properties relevant to PNC character-
ization, processing, and applications are the viscoelastic
properties: the time (t)-dependent stress relaxation spectrum
G(t), and its Fourier transforms, the frequency (ω)-dependent
storage modulus G′(ω), and loss modulus G″(ω). Much effort
has been devoted to understanding the effects of NPs on the
viscoelastic properties of polymers and their relation to the
underlying structure and dynamics of the polymer.9−16 Most

notably, the addition of NPs enhances the G′(ω) and G″(ω) of
the polymers in systems as diverse as, for example, carbon
nanotubes in polyethylene,9 silica spheres in poly(ethylene
oxide),10 and layered silicates in polystyrene−polyisoprene
copolymers.11 The enhancement in the two moduli is usually
more pronounced at low frequencies and stronger in G′(ω)
compared to G″(ω). In fact, at sufficiently high NP loadings,
ranging from ∼2 to 15 wt % depending on the system, the
G′(ω) and G″(ω) profiles begin to plateau at low frequencies,
reminiscent of more solid-like behavior.10,11 Such effects have
been observed in both bare9,10 and polymer-grafted NPs.11,12

The observed enhancement in the viscoelastic properties of
PNCs has been attributed to various physical effects that have
been examined using theory and simulations. The solid-like
response in G′(ω) and G″(ω) observed at high loadings was
initially thought to be due to jamming of particles, especially
given that several of the particles or particulate phases being
studied were highly anisotropic.12,13 However, calculations
indicated that the percolation threshold would be approached
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at loadings 5−10 times larger than those signifying the onset of
the solid-like response,10,17 suggesting that the range of
influence of nanoparticles goes well beyond their boundaries.
Indeed, it is now well-known that a significant slowdown in the
dynamics of the polymer chains occurs due to their strong
confinement at high particle loadings18 and due to the
adsorption of polymer chains at the surface of the NPs when
the chains exhibit strong interactions with the surface.11,12 This
effect has been shown to dramatically enhance the viscoelastic
properties of the host polymer in various coarse-grained
simulations of bare-NP/polymer systems.15,17,19 Some enhance-
ment in G′(ω) and G″(ω) must also arise from particle-
induced distortion of the strain field within the polymer17,20

caused by constraints imposed on polymer mobility at its
interface with the particle, e.g., no-slip boundary condition,
leading to enhanced viscous dissipation and stiffness. This effect
has been considered in continuum models of suspension
viscosity21 and composite modulus.20

While the above studies have greatly enhanced our
understanding of the viscoelastic behavior of PNCs, how
polymer chains grafted onto NPs affect the viscoelastic
properties of the composites is not fully understood. How
these effects depend on various attributes of the NPs like their
size, shape, graft length, and grafting density also remains
unknown. Many of the PNCs studied thus far have in fact
contained polymer-grafted NPs, but a systematic study of
differences in the viscoelasticity of PNCs containing grafted
versus bare NPs is missing. Similarly, theoretical and simulation
studies on the viscoelastic behavior of PNCs have considered
only bare NPs,15,17,19 and studies that did model polymer-
grafted NPs focused on other aspects like NP dynamics,
interactions, aggregation, and phase behavior, which are
reviewed in several recent articles.2,3,22−24 Understandably,
polymer grafting introduces an additional layer of complexity to
an already complex problem of predicting properties of PNCs
based on properties of its constituents. Nevertheless, it is
expected that the grafted chains would extend the range of
influence of the NPs by penetrating into the host polymer and
also interpenetrating with the grafts on neighboring NPs.
Indeed, it was recently shown that the grafting of silica
nanoparticles with long polyethylene chains facilitates the
formation of sheet-shaped gel-like domains of NPs that
provides additional reinforcement to the PNCs.14 Moreover,
the grafted chains, as a result of their attachment to NPs
through one of their ends, exhibit dynamics that are
fundamentally different from those of the free matrix chains,
but it is not clear how these dynamics would affect stress
relaxation in the PNCs.
Here we provide new insights into the viscoelastic properties

of PNCs containing polymer-grafted NPs by modeling the
PNCs via simple, coarse-grained models and computing their
frequency-dependent storage and loss moduli from exhaustive
molecular dynamics simulations. Our calculations show that
PNCs containing grafted NPs yield significantly higher G′(ω)
and G″(ω) than those containing bare NPs and that both
moduli increase with decreasing NP size and increasing NP
loading, grafting density, graft length, and graft/matrix affinity.
We show how these parametric changes lead to varying extents
of shear distortion and changes in chain relaxation times,
yielding rich viscoelastic behavior. We conclude by proposing a
simple phenomenological model that provides quantitative
estimates of G′(ω) and G″(ω) to within a constant scaling
factor. Given that grafted chains offer an additional, versatile

parameter for modifying the polymer/NP interactions in PNCs
for tuning their properties, this study should be relevant to the
design and optimization of such PNCs for targeted applications.

■ COMPUTATIONAL METHODS
Coarse-Grained Model. To elucidate the role of NP grafts

on the viscoelastic properties of PNCs, we choose a simple
coarse-grained representation of the host polymer, grafted
polymer, and NPs. Such a representation allows computation of
viscoelastic propertieswhich are notoriously difficult to
compute from simulationswithin reasonable computational
costs while still capturing the essential physics of polymer
conformational dynamics. Using simplified models also allows
us to keep our observations sufficiently generic and applicable
to a broad range of systems. An atomistic treatment of PNCs is
currently not feasible anyway due to the large system sizes and
sluggish dynamics of the NPs and the polymer chains.
Our model PNC system is composed of polymer-grafted

spherical NPs within a linear polymer (Figure 1a),

representative of several experimental systems studied
before.10,14 We model the host polymer matrix using the
popular bead−chain model of Kremer and Grest25 (Figure 1b).
In this model, segments of the polymer matrix are treated as
beads of size σ and mass m. The adjacent beads in each matrix
chain, of length Lmatrix beads, are connected via a strong finitely
extensible nonlinear elastic (FENE) potential:
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where r is the distance between bonded beads, R0 = 1.5σ is the
maximum possible length of the spring, k = 30ε/σ2 is the spring
constant, and ε sets the energy scale of the system (see below).
Furthermore, all nonbonded interactions between polymer
matrix beads, both intra- and intermolecular, are treated using a
short-range purely repulsive potential, also known as the
Weeks−Chandler−Anderson (WCA) potential:26
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where r is the distance between the nonbonded beads.

Figure 1. (a) Simulation setup employed for examining the
viscoelasticity of polymer/nanoparticle systems. The nanoparticles
are colored violet while the matrix and grafted chains are shown as
gray and green tubes, respectively. (b) Close-up view of the simulation
system emphasizing the models of polymer-grafted nanoparticles and
polymer matrix employed in this study. For visual clarity, we show
only a single grafted and matrix chain in opaque color, while the
remaining chains are shown in transparent colors.
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The polymer-grafted NPs are also treated using a coarse-
grained representation (Figure 1b). The cores of the NPs are
treated as spheres of diameter dNP and mass mNP that interact

with each other via a distance-shifted Lennard-Jones (LJ)

potential:
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where r is the distance between the centers of the interacting
NPs, rev = dNP − σ to prevent the NPs from interpentrating
each other, and rc = 2.5σ is the cutoff distance of the potential.
The NP-grafted polymer chains are also treated using the
Kremer−Grest model, i.e., their adjancent beads are connected
via FENE springs (eq 1), and nonbonded interactions between
the beads are modeled via the WCA potential (eq 2). The
grafted chains, each of length Lgraft beads, are attached to the
surface of bare NPs using FENE springs (eq 1). The number of
grafted chains per nanoparticle ngraft is determined from the
grafting density Γgraft according to ngraft = Γgraft × πdNP

2. The
grafting points are distributed uniformly across the NP surface
by using the “generalized spiral points” algorithm of
Rakhmanov et al.27,28 These grafting points are held fixed
relative to each other by treating them as “virtual” beads that
are held fixed relative to their NP center using rigid body
constraints. The interactions between the NPs and the grafted/
matrix chains are also treated using the distance-shifted LJ
potential (eq 3) with a separate set of distance shifts rev = (dNP
− σ)/2 for each NP size to prevent overlap between NPs and
polymer chains. The nonbonded intermolecular interactions
between the grafted chains and between the grafted and matrix
chains are also treated via the WCA potential (eq 2).
To investigate the effect of favorable interactions between the

grafted and matrix chains, we introduce additional attractive
interactions between natt terminal beads of the grafted chains
and the same number of centrally located and terminal beads of
the matrix chains. Hence, natt = 0 describes “neutral”
interactions and natt > 0 describe “attractive” interactions
between the two chain types, with the strength of the attraction
increasing with increasing values of natt. Such attractive
interactions mediated between only specified beads of the
chains is chosen to mimic favorable interactions between
periodically spaced chemical groups found on many functional
polymers. One such polymer is polyurea that is currently being
studied as part of the polymer matrix and an NP graft in the
context of shockmitigating PNCs.29 Polyurea, is an alternating
copolymer composed of repeating units of long, aliphatic
segments and short, rigid aromatic moieties flanked by urea
groups.30,31 The attractive beads in our model could then
represent the aromatic moeties in polyurea that interact
strongly with each other across chains due to hydrogen
bonding and stacking interactions, and the remaining repulsive
beads in our model chains could represent the long aliphatic
segments in polyurea that interact weakly with each other. We
model the attractive interaction between the specified beads of
the grafted and matrix chains via a short-range attractive
potential:30,32
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where the constants α = 3.173 07 and β = −0.856 23 are chosen
to ensure that the potential is continuous and approaches
smoothly to zero at the cutoff distance and Φ sets the
magnitide of the attractive interactions. According to our
previous work on polyurea,30 we set Φ = 2.5ε.
All simulation parameters and quantities are henceforth

reported in units of σ, m, and ε, which set the respective length,
mass, and time scales in this study.

Simulation Details and Analyses. The viscoelastic
properties of the grafted NP−polymer matrix are computed
from equilibrium molecular dynamics (MD) simulations in the
canonical ensemble. We use the LAMMPS package developed
by Sandia National Laboratories33 for carrying out the
simulations. The equations of motion are integrated using a
velocity-Verlet algorithm with a time step of Δt = 0.005, and
the temperature is kept fixed via a Nose−́Hoover thermostat.34
Consistent with our previous studies,30 we set the temperature
T = ε/kB (where kB is the Boltzmann constant) so the thermal
and interaction energies are of the same magnitude. Based on
previous studies,25 this temperature is expected to be roughly
twice the glass transition temperature Tg of the polymer
systems studied here. Because of computational limitations in
sampling chain conformations at temperatures equal to or
below Tg, our simulations are limited to temperatures well
above Tg.
The simulations are started from a nonoverlapped

configuration of nNP grafted NPs and nmatrix matrix chains in a
large simulation box implementing periodic boundary con-
ditions. The simulation box is gradually compressed to a
volume V during the initialization phase of the MD simulation
until a reasonable polymer melt-like density of ρpolymer ≡ nbeads/
Vbeads = 0.82 is obtained, where nbeads is the total number of
polymer beads in the simulation box and Vbeads is the volume of
the simulation box occupied by the grafted and matrix polymer
only but not the NPs. We consider the NPs to have a density of
ρNP = 1.9, approximately 2.3 times larger than that of the
polymer, typical of silica NPs in a polyurea matrix.31 The NP
mass is then determined via mNP = ρNP(πdNP

3/6). We utilize
large system sizes composed of nbeads ≃ 30 000−40 000, and
each simulation is performed for 27 million time steps, where
the first 1 million times steps (equilibration) are discarded.
The storage modulus G′(ω) and the loss modulus G″(ω) are

computed by converting the time-dependent shear modulus
G(t) into its frequency (ω)-dependent form. The shear
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modulus G(t) is computed from the stress autocorrelation
function (SACF):

σ σ= ⟨ ⟩αβ αβG t
V

k T
t( ) ( ) (0)

B (5)

where V is the volume of the simulation box, ⟨···⟩ denotes
ensemble average, and σαβ is the α−β component of the stress
tensor (where α ≠ β), calculated via the virial theorem:
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where mi, viα, and viβ are the mass and α- and β-component
velocities of bead i, respectively, and rijα and Fijβ are the α-
component separation distance and β-component force acting
between beads i and j, respectively. Since the three off-diagonal
elements of the stress tensor σxy, σxz, and σyz are equivalent, we
use the average of the individual SACFs obtained from the
three stresses to obtain smoother estimates of the SACF.
Furthermore, the stresses are recorded every time step to
obtain accurate results, as done in previous studies.30

The frequency-dependent complex shear modulus G*(ω) is
then calculated as the Fourier transform of G(t):

∫ω ω* = ω
∞

−G i G t t( ) e ( ) di t

0 (7)

where G′(ω) and G″(ω) are the real and complex components
of G*(ω), respectively:
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The dissipative factor tan δ is obtained as G″/G′ but is not
reported here due to large uncertainties that prevent any trends
to be gleaned. To obtain reliable estimates and uncertainties in
the viscoelastic moduli, we perform nruns = 4 independent
simulation runs, each starting from a unique starting
configuration, for each PNC system investigated here. The
reported storage and loss moduli are calculated as the mean of
the four G′(ω) and G″(ω) calculated from the runs, and the
reported uncertainties (error bars) in the moduli are calculated

Table 1. System Parameters for the Different Simulations Carried Out In This Study

independent parameters dependent parameters

system no.a B/Gb dNP
c f NP

d Lgraft
e Γgraft

f natt
g nNP

h ngraft
i nmatrix

j Vk

effect of NP grafting
1 B 4.0 0.06 20 0.4 0 27 0 677 33929
2 G 4.0 0.06 20 0.4 0 27 20 405 33832
3 B 6.0 0.06 20 0.4 0 8 0 677 33929
4 G 6.0 0.06 20 0.4 0 8 45 497 33929
5 B 8.0 0.06 20 0.4 0 4 0 802 40194
6 G 8.0 0.06 20 0.4 0 4 80 642 40194

effect of NP size
2 G 4.0 0.06 20 0.4 0 27 20 405 33832
4 G 6.0 0.06 20 0.4 0 8 45 497 33929
6 G 8.0 0.06 20 0.4 0 4 80 642 40194

effect of NP loading
2 G 4.0 0.06 20 0.4 0 27 20 405 33832
7 G 4.0 0.12 20 0.4 0 27 20 52 16612
4 G 6.0 0.06 20 0.4 0 8 45 497 33929
8 G 6.0 0.12 20 0.4 0 16 45 274 32737
6 G 8.0 0.06 20 0.4 0 4 80 642 40194
9 G 8.0 0.12 20 0.4 0 8 80 431 38779

effect of graft length
10 G 6.0 0.06 10 0.4 0 8 45 587 33929
4 G 6.0 0.06 20 0.4 0 8 45 497 33929
11 G 6.0 0.06 30 0.4 0 8 45 407 33929
12 G 6.0 0.06 40 0.4 0 8 45 317 33929

effect of graft density
13 G 6.0 0.06 20 0.1 0 8 12 633 33929
14 G 6.0 0.06 20 0.2 0 8 23 585 33929
4 G 6.0 0.06 20 0.4 0 8 45 497 33929
15 G 6.0 0.06 20 0.8 0 8 90 317 33929

effect of graft/matrix affinity
2 G 6.0 0.06 20 0.4 0 8 45 497 33929
16 G 6.0 0.06 20 0.4 1 8 45 497 33929
17 G 6.0 0.06 20 0.4 2 8 45 497 33929

aIndex identifying different simulation systems from a total of 15 systems that were examined. b“B” signifies bare NPs, while “G” signifies grafted
NPs. cNP diameter. dWeight fraction of NPs. eLength of grafted chains. fSurface grafting density. gNumber of adjacent, mutually attractive beads on
grafted and matrix chains. hNumber of NPs in the simulation box. iNumber of grafted chains per NP. jNumber of matrix chains in the simulation
box. kVolume of the simulation box.
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as the standard error of the means (SEM), i.e., standard
deviation of the four G′(ω) and G″(ω) obtained from the runs
divided by √nruns.
Parametric Study. To investigate how polymer-grafted

NPs modulate the viscoelastic properties of the host polymer,
we examine the effects of six parameters associated with the
NPs, namely, NP grafting (bare vs grafted), NP diameter dNP,
NP loading fNP (defined as weight % of NPs in the PNC),
grafted chain length Lgraft, grafting density Γgraft, and strength of
attractive graft/matrix interactions characterized by natt. To
keep the list of variable parameters down to a reasonable
number, we fix all parameters not directly related to the grafted
NPs, such as the matrix chain length that is set to Lmatrix = 40,
the polymer density and temperature that are set to ρpolymer =
0.82 and T = 1, and the interactions among the NPs and the
matrix chains that are set via eqs 1 and 2.
To dissect the effects of the parameters listed above, we carry

out different groups of simulations, each examining the effects
of a chosen parameter by varying it across physically and
computationally accessible bounds while keeping the remaining
parameters constant (Table 1). Specifically, to elucidate the
effects of NP grafting, we simulate PNCs with bare and grafted
NPs keeping other parameters fixed across the two sets of
simulations. To elucidate the effects of NP size, we explore dNP
in the range 4−8 comparable to the size of the matrix chains
(∼2Rg ≈ 6.32, where Rg is the radius of gyration of the chains).
To elucidate the effects of NP loading, we vary f NP in the range
6−12 wt %, corresponding to NP volume fractions in the range
0.027−0.054 well below the dense-packing regime. To elucidate
the effect of graft length, we vary Lgraft in the range 10−40, i.e.,
spanning lengths much shorter than the matrix chains to those
comparable to the matrix chains. To elucidate the effect of
grafting density, we vary Γgraft within 0.1−0.8 (chains/σ2)
spanning sparse to dense grafting regimes. Finally, to elucidate
the effects of graft/matrix interactions, we vary the number of
mutually attractive beads natt from 0 to 2, signifying neutral,
weakly attractive, and strongly attractive systems. Note that to
keep f NP and Γgraft constant in simulations exploring effects of
other parameters, the total number of NPs in the simulation
box nNP and the number of grafted chains per NP ngraft are
adjusted accordingly. Additionally, to keep ρpolymer fixed across
the different systems, we adjust the number of matrix chains
nmatrix. Therefore, systems with larger NP loadings, which
naturally result in a larger number of grafted chains,
consequently result in a smaller number of matrix chains nmatrix
to maintain ρpolymer constant. By same reasoning, the bare NP
systems contain a larger number of matrix chains than the
grafted NPs.
To quantify the extent of crowding of grafted chains at the

NP surface, we have calculated a dimensionless grafting density
Γ* ≡ ΓgraftRg,b

2, where Rg,b is the radius of gyration of an
“unperturbed” grafted chain, i.e., if it was not grafted to the NP
surface but was present free in the polymer matrix.35 Γ* thus
represents the grafting density in units of number of grafted
chains per characteristic surface area of the chains. Table S1 in
the Supporting Information tabulates Rg,b and the resulting Γ*
for each of the systems studied here. We note that Γ* varies
between 0.48 (mushroom regime) and 3.8 (stretched brush
regime) as we vary the grafting density from Γgraft = 0.1 to 0.8.
Similarly, Γ* varies from 0.86 to 3.98 as we vary the grafted
chain length from L = 10 to 40. Thus, we probe similar
crowding regimes when examining the effects of grafting
density and chain length.

To confirm that none of the PNC systems studied here
exhibit any NP aggregation, which would otherwise mask the
effects of the parameters being investigated above, we have
carried our various tests involving calculation of inter-NP radial
distribution function and use of thumb rules suggested by
Kumar et al.36 A detailed discussion of these tests is provided in
Section S1 and Figure S1 of the Supporting Information. We
have also calculated the translational and rotational relaxation
times of the NPs to investigate whether our simulations are
sufficiently long to capture equilibrium behavior of each of our
PNCs, which are expected to exhibit sluggish dynamics inspite
of T > Tg.

37 Our results, tabulated in Table S2 and discussed in
Section S2 of the Supporting Information, suggest that our
simulations times of >100 000 should be able to fully capture
the entire stress relaxation spectrum for most of the examined
PNC systems except the system with strongly attractive
interactions (natt = 2), which would require prohibitively long
simulations.

■ RESULTS AND DISCUSSION
Effect of NP Grafting.We begin by analyzing differences in

the viscoelasticity of PNCs containing bare NPs versus those
grafted with neutral chains. Figure 2 plots the computed G′(ω)

and G″(ω) for polymer matrices with grafted and bare NPs of
size dNP = 4, 6, and 8. The results show that the tethering of
polymers onto NPs leads to a substantial increase in both
G′(ω) (Figure 2a−c) and G″(ω) (Figure 2d−f) across the
entire frequency range. A similar increase in G′(ω) and G″(ω)
with grafting has also been observed in experimental studies on
silica NP-based polymer composites.10 Furthermore, we find
that the G′(ω) and G″(ω) profiles of grafted NPs look similar
in shape to those of the bare NPs, except for their upward shift
in the log−log plot, suggesting that both moduli increase by an
almost constant factor across all frequencies upon grafting. To
better quantify this enhancement, we have calculated the fold
enhancement in the two moduli at low and high frequencies,
averaged over frequencies in the range ω ∈ [0.00001−0.0005]
and ω ∈ [0.1−1], respectively. These ratios, indicated in Figure
2, show that the enhancement is slightly larger at low

Figure 2. Comparison of the storage modulus G′ (a−c) and the loss
modulus G″ (d−f) of polymers containing grafted NPs (red squares)
versus those containing bare NPs (blue circles) of size dNP = 4 (a, d),
dNP = 6 (b, e), and dNP = 8 (c, f). The fold enhancement in the two
moduli at low and high frequencies is also indicated.
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frequencies, especially for G′ and for dNP = 4 and 6. We also
note that the location of the inflection point in the G′(ω)
profiles, typically associated with the slowest relaxation time of
the polymer, seems to be largely unaffected by grafting, though
there seems to be a slight shift toward low frequencies. The
above observations suggest that the grafting-induced enhance-
ment in G′(ω) and G″(ω) observed here likely results from a
frequency-dependent and frequency-independent mechanism
and that the latter might be more dominant.
To investigate the effect of NP grafting on the dynamics of

the matrix chains, we have computed the Rouse relaxation time
for matrix chains in the bare- and grafted-NP systems. To this
end, we obtain the normal modes for each matrix chain:38,39
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where Xmatrix,p(t) are the normal coordinates of the pth mode of
a matrix chain at time t and Rmatrix,i(t) is the position vector of
the jth bead of the matrix chain. Typically, the relaxation time
for each mode is obtained by fitting the time autocorrelation in
each mode (relaxation spectrum) t( )pmatrix, to a decaying
exponential function. However, we found that stretched
exponential function provided much better fits to the spectra
across different modes:
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where τmatrix,p is the relaxation time for the pth mode, β is the
stretching parameter, and ⟨···⟩ denotes ensemble average over
all matrix chains and time points.
Figure 3 compares the above relaxation spectra of the five

slowest modes (p = 1, 2, ..., 5) of grafted NP systems against
those computed for the bare-NP systems. Also included in the
figure are the best-fit values of the so-called Rouse relaxation
times τmatrix,R ≡ τmatrix,1 obtained from fitting eq 11 to the
spectra of the slowest mode. It can be seen that the computed
Rouse times provide good estimates of the frequency at which
the storage and loss moduli exhibit an inflection point (ω ∼ 1/
τmatrix,R ≈ 10−3). More importantly, the above results show that
the grafting of polymer chains onto the NPs cause only a small
∼1−2% change in the relaxation dynamics of the matrix chains.
Moreover, the effect is mixed in the sense that the dNP = 4 NPs
exhibit a slight increase in τmatrix,R upon grafting while the two
larger NPs exhibit a slight decrease in τmatrix,R. These marginal
and ambivalent changes in the relaxation time of the matrix
chains are clearly not responsible for the ∼2−7-fold increase in
G′ and G″ observed upon grafting.
The above analysis also demonstrates that the matrix chains

largely follow Rouse dynamics. In particular, the relaxation
spectra decay in a largely exponential manner with the
stretching exponent close to unity for the slowest mode (β ≈
0.95 for p = 1) and decreasing slightly with increasing mode
number (β ≈ 0.83 for p = 5). Moreover, the relaxation times
τmatrix,p plotted in Figure S2a of the Supporting Information
decay with the characteristic p−2 scaling for small p obtained
from Rouse theory. The observed Rouse-like dynamics of our
matrix polymer is somewhat expected given that the matrix
chains are present in a melt-like density where hydrodynamic

interactions are largely screened out and that the chains are not
long enough to display strong entanglements.
To test whether the enhancement in the viscoelastic moduli

arose from the slow dynamics of the NP grafts themselves, we
compute the Rouse relaxation time of the grafted chains. The
normal modes for end-tethered chains are defined slightly
differently from those of free chains:40,41
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where Xgraft,p(t) and Rgraft,i(t) denote the normal coordinates
and positions of beads on the grafted chain, and Rgraft,0(t) is the
attachment position of the chain on the NP. Figure 4 shows the
relaxation spectra t( )pgraft, obtained from a time correlation of
Xgraft,p(t) corresponding to the five slowest modes of the
grafted-NP systems examined above. To obtain the relaxation
time, we attempted to fit the relaxation spectra in each mode to
a stretched exponential function. However, this did not always
provide a good fit, as the spectra seem to be composed of two
exponential-like functions. Consequently, we obtain the
relaxation times by using the following composite function
proposed earlier19 that fit our data quite well:
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where τgraft,p is the relaxation time of the pth mode, β is the
stretching exponent, and α and τ′ represent additional fit
parameters.

Figure 3. Comparison of the relaxation spectra t( )pmatrix, of the
matrix chains in PNCs containing bare NPs (blue dashed lines) versus
those containing grafted NPs (red solid lines) for the five slowest
Rouse modes (labeled 1−5). The spectra are compared for the three
NP sizes examined: dNP = 4 (a), dNP = 6 (b), and dNP = 8 (c). Also
shown in each plot are the relaxation times τmatrix,R associated with the
slowest mode for the bare (blue) and grafted NP (red) systems
obtained from fitting the spectra to stretched exponentials.
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The slowest relaxation times, the Rouse times τgraft,R,
extracted from such fits are provided in Figure 4. We find
that the Rouse times are slightly longer than those of the matrix
chains, by a factor of ∼1.35−1.90 for the three NP sizes. As
discussed later in more detail, Rouse theory39 predicts that the
storage and loss moduli increase at most quadratically and
linearly with the Rouse time, respectively, at low frequencies
and even less strongly at high frequencies. Accordingly, the
enhancement in the two moduli of the grafted chains should be
approximately 1.35−1.9 and 1.8−3.6, respectively. The net
increase in the overall modulus of the system should be even
less, as the grafts constitute only a fraction of the entire system.
Thus, the slow relaxation dynamics of the grafts do contribute
to the observed enhancement in the moduli but only partially.
Moreover, this contribution should be minimal at high
frequencies, where stress relaxation and the resultant moduli
are dominated by the faster modes that are expected to be
similar for graft and matrix chains.
The finding that the grafts exhibit similar or longer relaxation

times as the matrix chains seems surprising at the outset given
that the grafts (Lgraft = 20) are half as long as the matrix chains
(Lmatrix = 40) and are thereby expected to have roughly 4 times
shorter relaxation times as per the Rouse model (τmatrix,R ∼
Lmatrix

2 and τgraft,R ∼ Lgraft
2). However, it should be noted that

the ends of the grafts are fixed to the NPs. The Rouse model
predicts that such tethering of one of the ends of a polymer
chain should lengthen its relaxation time by a factor of 4 as
compared to its free chain counterpart of equivalent length.
The two effects should then cancel out to yield roughly similar
relaxation times for grafted and matrix chains. That the
relaxation times of grafts are even longer than those of the
matrix chains might be due to the presence of the NP surface
close to the grafts that further slows down their dynamics.
Similar to matrix chains, the grafted chains also seem to

follow Rouse dynamics, as noted by the decay in τgraft,p with the
characteristic (2p − 1)−2 scaling obtained from Rouse theory
for small p for chains with a fixed end (Figure S2b of

Supporting Information). However, the relaxation spectra are
strongly stretched with the exponents ranging from β ≈ 0.76
for p = 1 to β ≈ 0.56 for p = 3, suggesting heterogeneous
dynamics. Moreover, the spectra indicate the presence of an
additional relaxation mechanism, described well by the second
term in eq 13, that is responsible for the slow exponential decay
of the tail region of the spectra. This slow decay at large times is
likely a signature of the slow rotational motion of the NPs. The
reason is that the Rouse modes were calculated using normal
coordinates (eq 12) derived for a Gaussian bead-chain fixed at
one end to a point and free at the other end, as the normal
modes of a chain tethered to an impenetrable surface are not
available. The impenetrable NP core prevents the grafted chains
from reversing their direction, thereby preventing the as-
defined normal modes from completely relaxing. However, the
rotational diffusion of the NPs eventually allows the chains to
reverse their direction and the modes to relax to zero. We
therefore believe that the relatively fast decay of the modes at
short times likely arise from the relaxation of the true Rouse
modes of the grafted chains while the slower decay likely occurs
due to the much slower rotational relaxation of the NPs as
discussed earlier. That the time constant τ′ for this latter
relaxation process remains constant for all modes and that it
increases with the size of the NPs, which causes a decrease in
their rotational diffusivity, provide further support for the above
reasoning.
The above analysis shows that the enhancement in the

viscoelastic moduli with NP grafting at low frequencies can be
partly explained by the slower relaxation dynamics of the NP
grafts compared to matrix chains and, to a smaller extent, by the
slight reduction in the relaxation times of the matrix chains.
The remainder of the enhancement at low frequencies and the
entire enhancement at high frequencies, i.e., the frequency-
independent portion of enhancement going beyond changes in
the dynamics of the graft and matrix polymer chains, must then
occur due to other effects. We propose that the “strain
distortion” effect related to perturbation in the stress and strain
fields set up within a fluid or solid due to the presence of hard
particles17,20,21 is likely responsible for this remaining enhance-
ment due to several reasons. First, it is well-known that this
effect enhances the overall viscosity or stiffness of fluids and
solids upon particle inclusion independent of changes in
intrinsic properties of the host fluid or solid. Second, this effect
is expected to lead to a uniform increase in material properties
at all frequencies as long as the boundary conditions at the
surface of the NPs, typically no-slip boundary conditions,
remain independent of frequency. Third, it is well-known that
shear distortion, and the resultant enhancement in properties,
increases with the number density of particles, which is also
consistent with our results in the sense that the grafted NPs, as
a result of their grafts, occupy higher volume fractions than bare
NPs. While some researchers17 have proposed that percolating
networks of NPs could also lead to moduli enhancement, these
effects tend to arise at much higher particle volume fractions
than those examined here.
We next examine whether the observed enhancement in

viscoelastic moduli can be quantitatively explained by existing
models of viscosity or stiffness enhancement resulting from
shear distortion. To this end, we consider three different
models proposed by Einstein,21,42 Eilers,43,44 and Guth20 that
are commonly used for estimating the shear moduli of
composites:

Figure 4. Relaxation spectra t( )pgraft, of the five slowest Rouse modes
of NP grafts for the three NP sizes examined: dNP = 4 (a), dNP = 6 (b),
and dNP = 8 (c). Also included in each plot are the Rouse times τgraft,R
extracted from fitting the relaxation spectra of the slowest (p = 1)
mode. The relaxation spectra are shown as solid lines of distinct color
for each mode and the fits to the p = 1 spectra by using eq 13 are
shown as dashed cyan lines.
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where ϕp is the volume fraction of hard particles in the
composite and G0 and Gc are the shear moduli of the pure
polymer and the composite, respectively. Einstein derived his
model for small ϕp where the net enhancement in the shear
modulus is given by a linear superposition of the shear
distortions arising from individual particles; though this
relationship was originally derived for shear viscosity of particle
suspensions, it is also applicable to a host of other properties,
including the shear modulus of composites. Guth extended this
model to higher ϕp by accounting for additional shear
distortion arising from the interactions between the distortions
arising from neighboring particles. Eilers made empirical
corrections to Einstein’s model to account for the dramatic
rise in the viscosity of suspensions observed when ϕp
approaches close-packing densities.
To compare our simulation results to these models, we

calculate the ratios G′/G0′ and G″/G0″ of the moduli obtained
for our bare and grafted NP systems to those of our pure
polymer system denoted by G0′ and G0″ (provided in Figure S3
of the Supporting Information). While the particle volume
fraction ϕp in eq 14 is simply equal to ϕNP for bare NPs, the
above models do not specify the definition of ϕp for grafted
NPs. As a reasonable approximation, we consider it as the sum
of the volume fractions of the NPs ϕNP and that of the grafts
ϕgraft:

ϕ ϕ ϕ ϕ= + = + Γn L v V/p NP graft NP NP graft graft 0 (15)

where V is the volume of the simulation box and v0 ≡ 1/ρpolymer
is the effective volume occupied by each polymer bead. The
three bare NP systems of different sizes all exhibit the same ϕp
= 0.027. However, the grafted NP systems exhibit variable ϕp
for the three NP sizes, increasing from 0.221 to 0.416 as dNP
decreases from 8 to 4; this increase in ϕp occurs due to an
increase in the net surface area of the NPs as they become
smaller that leads to a higher number of total grafted chains in
the system (given that the grafting density remains constant
across the three NP sizes). Furthermore, we calculated the
above ratios for low- and high-frequency regimes by averaging
the moduli ratios over ω ∈ [0.00001−0.0005] and ω ∈ [0.1−
1], respectively. Since grafting-induced changes in relaxation
time of polymer chains are expected to affect only the low-
frequency moduli, comparing the moduli ratios across the two
frequency regimes may allow us to extricate the contribution of
strain distortion from that due to the slowdown in the
dynamics of the chains.
Figures 5a and 5b show the computed G′/G0′ and G″/G0″

ratios plotted against ϕp for the six PNCs containing bare and
grafted NPs at low- and high-frequency regimes along with the
Gc/G0 predicted from eq 14. Our results show that both G′/G0′
and G″/G0″ increase with increasing ϕp, consistent with the
trend obtained from the strain distortion models, though the
different models differ somewhat from each other. Moreover,
the moduli ratio computed from simulations at high frequencies
are of comparable magnitude to those predicted by the models,
especially the model proposed by Guth, whereas the ratios
computed at low frequencies tend to exceed all model

predictions. This is consistent with our hypothesis that the
enhancement in moduli at low frequencies arises from a
combination of strain distortion and slowdown in chain
dynamics while that at high frequencies arises from strain
distortion effects alone. We also note that at low frequencies
the computed G′/G0′ ratios more strongly exceed the model
predictions as compared to G″/G0″, which is also consistent
with the expectation that G′ is more strongly affected by
changes in the relaxation times of the polymer chains
(quadratic dependence with the Rouse time) as compared to
G″ (linear dependence). The above results provide further
support for the strain distortion effect as being responsible for
the frequency-independent portion of the enhancement in
viscoelastic moduli observed due to NP grafting. Our results
also show that considering the effective volume fraction of the
particulate phase in eq 14 in the case of grafted NPs as the sum
of the volume fractions of the hard NP cores and of the
attached NP grafts may be a reasonable approximation.
In summary, our simulation results show that grafting NPs

with polymer chains, even those that interact neutrally with the
polymer matrix, results in a substantial enhancement in G′ and
G″ across the entire frequency range, with the enhancement
being slightly larger at lower frequencies. Our analyses suggest
that the frequency-independent portion of this enhancement
arises from a known hydrodynamic effect whereby embedding
of particles within a polymer distorts the shear field in the
polymer, leading to enhanced stiffness and dissipation, while
the frequency-dependent portion arises from slower relaxation
dynamics of the grafted chains as compared to the matrix
chains, despite their shorter length, leading to additional moduli
enhancement at low frequencies. It is interesting to note that
another study45 performed simulations of PNCs below their Tg
to compare the effects of bare versus grafted NPs on the elastic
constants and postyield properties of PNCs and obtained
results that are somewhat different from our study here, which
examines PNCs at temperatures well above Tg. It was found
that properties such as elastic constants, which are not
significantly affected by segmental mobility below Tg, were
largely unaffected by NP grafting, while properties like strain
hardening, where segmental mobility now becomes important,
were found to be more pronounced in systems with grafted
particles.

Effect of Graft/Matrix Interactions. It was previously
shown for bare NPs that increasing attraction between the NPs
and the polymer matrix led to a significant slowdown in the

Figure 5. Ratio of storage (a) and loss modulus (b) of the three bare-
NP and the three grafted-NP systems to that of pure polymer plotted
as a function of the effective NP volume fraction. The moduli ratios
obtained from simulations at low and high frequencies are shown as
blue circles and red squares, respectively. Open symbols represent bare
NPs, and filled symbols represent grafted NPs. The black solid, dotted,
and dashed lines represent predictions from the models of Einstein,
Eilers, and Guth, respectively.
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relaxation time of the polymer chains in close proximity to the
NPs, resulting in a large increase in the viscosity.19 To
investigate if a similar effect occurs in the case of grafted chains
on NPs, we introduce mutual attraction between natt terminal
beads of the grafted and natt terminal and centrally located
beads of the matrix chains mimicking strong intermolecular
interactions between spaced functional groups on polymers. To
study the effect of increasing attraction, we vary the number of
such attractively interacting beads from 0 to 2, thereby
generating three systems with different extents of attraction,
which we refer to as neutral (the original grafted-NP system
studied above with natt = 0), weakly attractive (natt = 1), and
strongly attractive (natt = 2).
Figure 6 shows that increasing attraction between the grafted

and matrix chains leads to an increase in G′(ω) and G″(ω).

Unlike the effects of grafting observed earlier, the enhancement
in the moduli observed here is highly frequency dependent with
strong enhancement at low frequencies and negligible enhance-
ment at high frequencies. The two regimes are clearly
demarcated by the kink in the moduli at a frequency associated
with the characteristic relaxation time of the polymer. This
sharp frequency dependence already gives us a cue that shear
distortion is unlikely to be the underlying mechanism for the
observed enhancement and that it is more likely due to
fundamental changes in polymer dynamics. Furthermore, the
effect of increasing attraction is highly nonlinear in the sense
that the introduction of one pair of mutually attractive matrix
and graft beads (natt = 1) causes only a small increase in G′ and
G″, but the introduction of another pair of attractive beads (natt
= 2) leads to a dramatic enhancement. In fact, the fold
enhancement in the moduli of attractive grafts over those of
neutral grafts approaches values as large as 47 ± 28 in G′ and 5
± 2 in G″ for strongly attractive grafts at the lowest frequency
investigated here (ω = 10−5). These results suggest that raising
the affinity between NP grafts and the matrix polymer could be
a powerful approach for enhancing the viscoelastic properties of
PNCs.
To confirm that the observed enhancement in the moduli

arises from a slowdown in the dynamics of the polymer chains,
we calculate the Rouse relaxation times of the matrix chains and
of the grafted chains using the methods outlined earlier. Figure
7 shows the relaxation spectra for the five slowest Rouse modes
of the matrix chains for neutral, weakly attractive, and strongly
attractive systems, and Figure 8 shows the corresponding
spectra for the grafted chains. The relaxation spectra of the
matrix chains in the weakly attractive system (Figure 7b)

exhibit near-exponential decay, similar to that observed in the
neutral system (Figure 7a) albeit with longer relaxation times.
Specifically, the Rouse time in the weakly attractive system is
τmatrix,R ≈ 1454, about 13% higher than the corresponding
τmatrix,R for the neutral system. We also note that the relaxation
spectra remains Rouse-like with the stretching exponent
ranging from β = 0.93 to β = 0.78 for p = 1 to p = 5. The
relaxation spectra of the grafted chains in the weakly attractive
systems (Figure 8b), in contrast, exhibit a highly stretched

Figure 6. Comparison of the storage (a) and loss modulus (b) of
polymers containing grafted NPs for three different strengths of
attraction between the grafted and matrix chains: natt = 0 (green
triangles), natt = 1 (blue circles), and natt = 2 (red squares). The
symbols represent computed data while dashed lines are guides to the
eye.

Figure 7. Relaxation spectra t( )pmatrix, of the five slowest Rouse
modes of the matrix chains for PNCs containing NPs grafted with
neutral chains (a), weakly attractive chains (b), and strongly attractive
chains (c). Also included in each plot are the relaxation times τmatrix,R
associated with the slowest mode (p = 1) for the three systems
obtained from fitting the spectra to stretched exponentials.

Figure 8. Relaxation spectra t( )pgraft, of the five slowest Rouse modes

of the grafted chains for PNCs containing NPs grafted with neutral
chains (a), weakly attractive chains (b), and strongly attractive chains
(c). Also included in each plot are the relaxation times τgraft,R
associated with the slowest mode (p = 1) for neutral and weakly
attractive grafts. The spectra for strongly attractive grafts could not be
fitted to any combination of exponential or stretched exponential
functions.
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exponential decay similar to neutral systems (Figure 8a). More
importantly, the grafted chains in this weakly attractive system
exhibited a Rouse time of τgraft,R ≈ 2371, about 46% higher than
the corresponding τgraft,R for the neutral system. Thus, the
moderate slowdown in the relaxation time of the matrix and
grafted chains with increased attraction could indeed be
responsible for the moderate enhancements in G′ and G″
observed at low frequencies.
Turning to the strongly attractive system, we note striking

differences in the relaxation spectra of matrix chains here
(Figure 7c) compared to the neutral and weakly attractive
systems. In particular, the spectra exhibit “non-Rouse” behavior,
with a small stretching exponent of β = 0.72 for p = 1 that
further drops down to β = 0.26 for p = 5. Such heavy stretching
of the spectra indicates heterogeneous dynamics of the chains.
Indeed, the matrix chains could be present in multiple possible
stateschains bound to a grafted chain through the middle,
end, or both pairs of attractive beads, chains bound to multiple
grafted chains via the two pairs of attractive beads, and chains
not bound to any grafted chainsresulting in a spectrum of
distinct relaxation times. By fitting the curves to stretched
exponentials, we obtained a significantly longer relaxation time
of τmatrix,R ≈ 3630, nearly 3 times the relaxation time of neutral
chains. According to Rouse scalings, the low-frequency storage
and loss modulus should be ∼9 and ∼3 times larger. The
relaxation spectrum of the grafted chains for the strongly
attractive system (Figure 8c) are also heavily stretched such
that they can no longer be fitted via eq 13, making it difficult to
obtain the corresponding relaxation times. Nevertheless, it is
evident that the relaxation spectra decay much slower than
those of the neutral and weakly attractive systems. The above
results clearly indicate that the dramatic enhancement in G′ and
G″ observed for strongly attractive grafts could result from the
dramatic slowdown in the dynamics of both the grafted and
matrix chains.
We also note nonmonotonic behavior in the shapes of the

mode spectra for the attractive systems, most notably in Figure
8c where the spectra of modes p = 2 and p = 3 and then p = 4
and p = 5 are seen to intersect. The origin of this peculiar
behavior is unknown, but it could occur due to a combination
of glassy dynamics in the strongly attractive system46 (as noted
from the slow rotational relaxation times of the NPs) and
periodic attraction between the grafted chains and matrix
chains. Since each Rouse mode probes the dynamics of
different portions of the chains, each mode is affected
differently by the attractive restraints. In other words, modes
that depend strongly on the mobility of the attractive beads are
affected more than those modes that do not depend so
strongly. Note that the transformations we employ for
converting Cartesian coordinates to normal coordinates for
the matrix (eq 10) and grafted chains (eq 12) do not account
for these restraints.
It is also intriguing that the difference in the effects of one

and two attractive beads is so dramatic. This effect most likely
arises from cooperativity in the binding of matrix chains to the
grafts, similar to the phenomenon common in biological
systems, where interacting biomolecules with two binding sites
bind much more favorably than those with a single binding site.
That is, the free energy of binding of a matrix chain to a grafted
chain via two adjacent attractive beads versus one attractive
bead is much larger than 2-fold, as the former binding event
costs only slightly larger translation, rotational, and configura-
tional entropy but gains twice the favorable binding enthalpy,

leading to significantly larger overall binding free energy. We
provide a rough calculation involving radial distribution
functions in the Supporting Information (Figure S4) for
estimating the difference in the binding free energy, and its
enthalpic and entropic components, between the two kinds of
interactions, i.e., between single attractive beads and between
dimers of attractive beads embedded within the grafted and
matrix chains.

Effects of Other NP-Associated Parameters. We next
examine how other parameters of the grafted NPstheir
loading, size, grafted chain length, and grafting densityaffect
the viscoelastic moduli of the PNCs. We demonstrated earlier
that these properties of PNCs are governed by two main
mechanisms: distortion of the shear field caused by NPs leading
to changes in the stiffness and dissipation of the PNCs and
changes in the dynamics of the matrix and grafted chains
directly affecting stress relaxation in the PNC. We found that
these two effects could be reasonably characterized in terms of
the effective particle volume fraction ϕp (inclusive of grafts) and
the relaxation times τmatrix,R and τgraft,R of the matrix and grafted
chains. Below we investigate the effects of the NP-associated
parameters mentioned above on the G′(ω) and G″(ω) of
PNCs and attempt to understand the effects in light of these
two mechanisms of moduli enhancement, i.e., in terms of ϕp,
τmatrix,R, and τgraft,R obtained for each PNC system studied here
(Table 2).
We begin with the effects of NP loading. Figure 9a,b plots

the G′(ω) and G″(ω) profiles for dNP = 6 grafted NPs at two
different loadings of 6 and 12 wt %. The corresponding profiles
for NPs with dNP = 4 and 8 are plotted in Figure S5 of the
Supporting Information. All three sets of results show a
considerable increase in G′(ω) and G″(ω) with an increase in
NP loading, in good agreement with previous MD simulations
of bare NP−polymer systems17 and experimental measure-
ments on bare and grafted NP composites16,14 showing similar
enhancement with increasing loading. We note some frequency
dependence in the above enhancement, stronger than that
observed when examining the effects of grafting of NPs (Figure
2) but much weaker than that observed when examining the
effects of increasing attraction between grafted and matrix
chains (Figure 6). According to our previous analyses, we
attribute the frequency-independent portion of this enhance-
ment to shear distortion, whereby an increase in the number of
NPs within a given volume of the PNC is expected to increase
the amount of distortion in the shear and stress fields caused by
the NPs. The remaining frequency-dependent portion of the
enhancement, i.e., the enhancement observed at low
frequencies, is attributed to a slowdown in the relaxation time
of both the matrix and grafted chains, as confirmed by the
increase in the corresponding τmatrix,R, and τgraft,R with NP
loading (Table 2), especially for systems containing the smallest
NPs. The increase in τmatrix,R likely occurs due to a decrease in
the average spacing between the NPs with increase NP loading,
which leads to increased confinement of the matrix chains and
increase in their interactions with the less mobile grafts. The
increase in τgraft,R likely occurs due to increased interpenetration
between the grafts on neighboring NPs. In other words, as the
NP loading increases, a larger fraction of grafts originally
interacting with the mobile matrix chains now interact with the
less mobile grafts on neighboring NPs, leading to slower
dynamics of the grafted chains. A more detailed analysis of the
effects of grafted and matrix chains on the dynamics of NPs is
provided in refs 47 and 48.
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Next, we examined the effects of NP size. Figure 9c,d
compares the G′(ω) and G″(ω) for grafted NPs of three
different sizes: dNP = 4, 6, and 8. We observe a monotonic
decrease in G′(ω) and G″(ω) with increasing NP size,
suggesting that smaller NPs provide more reinforcement than
larger ones. An analogous effect has been observed
experimentally,49−51 where the Young’s modulus of various
PNCs was observed to decrease with increasing NP size at fixed
NP wt %, with the decrease becoming more pronounced for
high NP loadings and small NP sizes. We also note that the
computed decrease in the two moduli is largely frequency
independent; this is more evident in the G″ profiles that carry
less statistical uncertainties than the G′ profiles. Thus, the
observed effect of NP size is likely due to shear-distortion
effects and not due to intrinsic changes in the relaxation time of
the matrix polymer. Computations of the effective volume
fraction of the grafted NPs and the relaxation times of the
matrix and grafted chains showing a large decrease in ϕp and a
minor decrease in τmatrix,R and statistically insignificant change
in τgraft,R with increasing NP size confirms the above notion.

The decrease in ϕp with dNP can be understood by noting that
as the NPs become larger, their number density within the
PNC needs to decrease to keep the net NP loading f NP fixed.
This naturally leads to a reduction in the net surface area of the
NPs and a concomitant decrease in the total number of grafted
chains ngraft, causing the effective volume fraction of the NPs to
decrease. The minor decrease in τmatrix,R also likely results from
the decrease in ϕp that alleviates the confinement experienced
by the matrix chains, causing a slight speed-up in their
dynamics.
Figure 9e,f plots the effects of graft length on the computed

G′ and G″ for NPs grafted with chains of lengths Lgraft = 10−40.
We observe a clear enhancement in G′(ω) and G″(ω) with
increasing Lgraft at low frequencies but virtually no enhancement
at high frequencies. This strong frequency dependence
immediately suggests that the observed moduli enhancement
are likely due to changes in the dynamics of the chains. Indeed,
the Rouse times τgraft,R of the grafted chains increase drastically
with increasing chain length (Table 2), from τgraft,R ≈ 395 for
Lgraft = 10 to τgraft,R ≈ 5949 for Lgraft = 40, consistent with the
predictions of Rouse theory: τgraft,R ∼ Lgraft

2. Interestingly, the
relaxation time of the matrix chains also rises with increasing
Lgraft, though this increase is much smaller (∼20% rise in τmatrix,R
in going from the shortest to the longest graft). Thus, the
longer the grafts, the more they apparently entangle with the
matrix chains, leading to a slowdown in their dynamics. Thus,
the drastic increase in the relaxation time of the graft can
explain the ∼3- and ∼4-fold increase in G′ and G″ at low
frequencies observed in going from Lgraft = 10 to 40.
Surprisingly, even though the longer grafts increase the effective
volume fraction ϕp of the NPs, they do not result in the
expected frequency-independent enhancement in the two
moduli, as seen with NP loading. A plausible explanation for
this result emerges from our analysis of the polymer density
around a grafted NP, in terms of number of polymer beads per
unit volume, as a function of radial distance r from the NP
center. Figure S6 in the Supporting Information plots the three
contributions to this polymer density arising from the NP’s own
grafted chains ρgraft(r), from grafted chains of neighboring NPs
ρgraft‑n(r), and from matrix chains ρmatrix(r). We observe
considerable overlap in the ρgraft(r) and ρmatrix(r) profiles,
indicating significant penetration of the matrix chains into the
grafted chains on the NPs and some overlap between ρgraft(r)
and ρgraft‑n(r) profiles, indicating interpenetration of grafted
chains across neighboring NPs. Importantly, for all four graft
lengths investigated here, the matrix chains are able to
penetrate through the layer of grafted chains all the way to
the NP surface. Thus, the shear-distortion effect apparently
does not occur due to absence of any depletion of available
volume to the matrix chains.
Lastly, we examined the effect of grafting density. Figure 9g,h

displays the G′(ω) and G″(ω) profiles computed for NPs
grafted at four different grafting densities in the range Γgraft =
0.1−0.8. The computed G′ and G″ increase monotonically with
increasing Γgraft. As opposed to the effects of increasing graft
length, the moduli enhancement in this case is more or less
frequency independent; again, the G″ plots provide clearer
trends due to their smaller statistical errors. Thus, shear
distortion and not changes in the relaxation time of the chains
is likely responsible for the observed enhancement. Indeed, the
computed Rouse times τmatrix,R and τgraft,R remain rather
insensitive to changes in Γgraft (Table 2). To address the
question as to why increasing Γgraft leads to more strain

Table 2. Effective Volume Fraction of Grafted NPs and
Rouse Relaxation Times of Polymer Matrix and Grafted
Chains

system
no.a

parameter
changeb

vol frac
ϕp

Rouse time
τmatrix,R

Rouse time
τgraft,R

B/G NP grafting
1 B 0.027 1327 ± 6 NA
2 G 0.416 1352 ± 8 1597 ± 87
3 B 0.027 1302 ± 14 NA
4 G 0.286 1289 ± 4 1622 ± 129
5 B 0.027 1285 ± 4 NA
6 G 0.221 1269 ± 7 1751 ± 284

dNP NP size
2 4.0 0.416 1352 ± 8 1597 ± 87
4 6.0 0.286 1289 ± 4 1622 ± 129
6 8.0 0.221 1269 ± 7 1751 ± 284

f NP NP loading
2 0.06 0.416 1352 ± 8 1597 ± 87
7 0.12 0.847 1553 ± 23 1775 ± 73
4 0.06 0.286 1289 ± 4 1622 ± 129
8 0.12 0.592 1364 ± 11 1800 ± 77
6 0.06 0.221 1269 ± 7 1751 ± 284
9 0.12 0.458 1312 ± 10 1661 ± 84

Lgraft graft length
10 10 0.156 1288 ± 5 395 ± 13
4 20 0.286 1289 ± 4 1622 ± 129
11 30 0.415 1312 ± 10 3594 ± 161
12 40 0.544 1333 ± 12 5849 ± 953

Γgraft graft density
13 0.1 0.090 1298 ± 2 1347 ± 127
14 0.2 0.102 1298 ± 6 1593 ± 26
4 0.4 0.286 1289 ± 4 1622 ± 129
15 0.8 0.544 1279 ± 5 1576 ± 111

natt graft/matrix
affinity

2 0 0.416 1352 ± 8 1597 ± 87
16 1 0.027 1453 ± 10 2371 ± 111
17 2 0.027 3630 ± 59 no fit

aIndex identifying different simulation system (same as Table 1).
bOnly the parameter being changed in the comparison group of
simulation is tabulated (refer to Table 1 for the entire list of fixed
parameters).
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distortion while increasing Lgraft led to no such effect, we again
computed the polymer density profiles (Figure S6 in
Supporting Information). Interestingly, we find that in this
case increasing the number of grafted chains does lead to
exclusion of matrix chains from the surface of the NPs,
consistent with a wetting-to-dewetting transition observed with
increasing grafting density observed by others,52 causing
increased strain distortion. Thus, contrary to intuition, the
effects of increasing grafting density and increasing graft lengths
are fundamentally quite different.
The above results demonstrate that a rich spectrum of effects

could arise from modulating the different NP-related
parameters and that it may be possible to modulate the
viscoelastic properties of PNCs through a variety of parameters.
For instance, if uniform enhancement in the viscoelastic moduli
across all frequencies is desired, the grafting density and the NP
loading density would be useful parameters to modulate. On
the other hand, if the enhancement is desired only at low
frequencies, one could modulate the attraction between the
grafts and the matrix chains and the length of the grafted
chains. The variety of such control parameters implies that
targeted viscoelastic properties could be achieved while
satisfying other design constraints, e.g., maintaining good
dispersion of NPs within the polymer matrix.
Phenomenological Model. We next attempt to build a

simple phenomenological model to quantitatively capture the
viscoelastic properties of our PNCs, specifically their depend-
ence on the different NP-related parameters examined in this
study. Our results so far show that the viscoelastic properties of
PNCs are governed by (1) the effective volume fraction of the
NPs, which dictates the amount of shear distortion in the PNC
and gives rise the frequency-independent enhancement in the
viscoelastic moduli, and (2) the relaxation times of the matrix
and grafted chains, which dictate stress relaxation in the PNC
and give rise to the frequency-dependent enhancement in the
moduli. On the basis of these observations, we propose that the
storage G′(ω) and loss modulus G″(ω) of the PNC can be

described to first approximation by the following composite
function:

ω ω ϕ′ ≃ ′G G f( ) ( ) ( )polymer particle p (16)

ω ω ϕ″ ≃ ″G G f( ) ( ) ( )polymer particle p (17)

where Gpolymer′ (ω) and Gpolymer″ (ω) represent the frequency-
dependent moduli of the polymer portion of the PNC
accounting for changes in the relaxation dynamics of the
grafted and/or matrix chains, while f particle(ϕp) accounts for
additional frequency-independent enhancement in the PNC
moduli due to shear distortion arising from particle inclusions
independent of polymer properties.
A reasonable starting point for estimating f particle(ϕp) is the

model proposed by Einstein,21,42 where the particle volume
fraction is replaced by the effective volume fraction of the
grafted NPs inclusive of the grafted chains:

ϕ ϕ ϕ ϕ≃ + = + +f ( ) 1 2.5 1 2.5( )particle p p NP graft (18)

We also considered the more advanced model by Guth,20

which accounts for two-body terms when calculating shear
distortion, but found that the Einstein model yielded better
agreement with the simulated data. It is concievable that these
higher-order shear distortion terms might even be suppressed
in polymer chain melts given that hydrodynamic interactions
are known to be largely screened out in such polymer melts.
To formulate a model for estimating Gpolymer′ (ω) and

Gpolymer″ (ω), we make the ansatz that these “mixture” moduli
are related to the “pure-component” moduli of the individual
polymeric constituents of the PNC, i.e., Gmatrix′ (ω) and
Gmatrix″ (ω) of the matrix chains and Ggraft′ (ω) and Ggraft″ (ω) of
the grafted chains, which in turn depend on their respective sets
of chain relaxation times {τmatrix} and {τgraft}, respectively. The
mixture moduli can then be formulated as a function g of the
pure-component moduli appropriately weighted by their
respective volume fractions ϕmatrix and ϕgraft of the matrix and
grafted chains. In other words

Figure 9. Comparison of the storage and loss modulus of polymers containing grafted NPs at (a) two different loadings of f NP = 0.06 (blue circles)
and 0.12 (red squares) for size dNP = 6; (b) three different sizes of dNP = 4 (green triangles), 6 (blue circles), and 8 (red squares); (c) four different
graft lengths of Lgraft = 10 (brown triangles), 20 (green diamonds), 30 (blue circles), and 40 (red squares); and (d) four different grafting densities of
Γgraft = 0.1 (brown triangles), 0.2 (green diamonds), 0.4 (blue circles), and 0.8 (red squares). The symbols represent computed data while dashed
lines are guides to the eye.
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ω ω τ ω ϕ ϕ ϕ′ = ′ ′G g G G( ) ( ( ; { }), ( ; { }), , )polymer matrix matrix graft graft matrix graft

(19)

ω ω τ ω ϕ ϕ ϕ″ = ″ ″G g G G( ) ( ( ; { }), ( ; { }), , )polymer matrix matrix graft graft matrix graft

(20)

We attempted both resistances-in-parallel and resistances-in-
series models53 for the function g in order to estimate the
mixture moduli from the pure-component moduli but found
that the latter model yielded estimates that better agree with
our simulation results. Hence, we report only the results from
the resistances-in-series model, according to which the mixture
moduli is given by

ω
ϕ

ω

ϕ

ω
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′
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G G
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1
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1

(22)

To estimate the pure-component moduli, we turn to the
Rouse model. The polymer chains in most of our simulated
systems follow Rouse dynamics, as evident from the near-
exponential decay of the relaxation spectra, albeit with some
stretching in the case of the grafted chains, and from Rouse-like
scalings of the relaxation time with mode number and chain
length. The Rouse model however seems inapplicable to the
two systems with attraction between the grafted and matrix
chains (systems 16 and 17 in Tables 1 and 2), which prevented
us from obtaining relaxation times for one of these systems.
The model developed here thus represents the viscoelastic
moduli of all simulated systems except the above two attractive
systems. According to the Rouse model, the storage and loss
moduli of pure-component systems composed of matrix chains
or grafted chains at the same temperature T and monomer
density c (= 0.82 in this study) as that of the PNCs are given
by39
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The mode relaxation times τmatrix,p and τgraft,p for the matrix and
grafted chains can be related to their respective Rouse times
τmatrix,R ≡ τmatrix,1 and τgraft,R ≡ τgraft,1 via
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Equations 16−28 form the basis of our phenomenological
model that allows prediction of the storage and loss moduli of
PNCs based on a select few parameters: temperature, monomer
density, lengths and Rouse times of the matrix and grafted
chains, and volume fractions of the NPs, matrix chains, and
grafted chains. At sufficiently low frequencies ω, it is possible to
further simplify the above model to yield closed-form analytical
expressions for the PNC moduli G′(ω) and G″(ω); the
derivation is provided in the Appendix.
To investigate how well the above model captures our

simulation results, we compared the G′(ω) and G″(ω)
predicted from our model against those computed from our
MD simulations. We performed this comparison at two
different values of ω: one in the low frequency regime (ω =
10−5) and another in the high frequency regime (ω = 1). In our
model predictions, we used the Rouse times computed from
the simulations (via eqs 10−13), though they could also be
independently obtained from other theoretical arguments.39

Figure 10a−d shows the two moduli computed at the two

frequencies from MD simulations of all systems listed in Table
1, except two for reasons mentioned earlier, plotted against the
corresponding moduli predicted by our model. To permit more
uniform comparison across the four data sets, the model
predictions in each data set have been scaled by a factor α that
maximizes the agreement between the scaled model predictions
and the simulation results; i.e., the data points deviate the least
from the diagonal line. We find that in all four cases the data fall
close to the diagonal, suggesting that the model captures well

Figure 10. Comparison of the viscoelastic moduli predicted from the
phenomenological model against those computed from MD
simulations. The comparison is shown for G′ and G″ obtained at
low frequency (a, b) and at high frequency (c, d). The dashed lines
indicate perfect agreement between model and simulations. The
multiplicative constant α and the correlation coefficient R2 for each
data set are also indicated.
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the trends in G′ and G″ at both low and high frequencies. That
the factor α is close to 1 for both moduli at low frequency
(Figure 10a,b) suggests that the model also make remarkably
good quantitative predictions of G′ and G″ at low frequencies.
However, this is not the case at high frequencies (Figure 10c,d),
where the model underpredicts the moduli obtained from
simulations, which is expecially severe for G″ where α ≈ 26.
The disagreement at high frequencies is somewhat expected as
the Rouse model does not account for relaxation of small
groups of bonds and bond angles of the FENE chains used for
treating all polymer chains in our MD simulations. Thus, in
spite of its simplicity, the model developed here offers
reasonable quantitative predictions of the viscoelastic moduli
of the simulated PNCs at low frequencies and reasonable
qualitative predictions at high frequencies.
The model has potential for further refinement to improve its

predictive power. First, a more detailed treatment of the shear
distortion effects arising from NP grafts and how these effects
enhance the viscoelastic moduli of the matrix polymer is
required. Currently, we assume that the grafts distort the strain
field similarly to the NPs, i.e., by preventing slippage of matrix
chains at their interface with the grafted chains, which we
account for by replacing the volume fraction of the NPs in
existing models (eq 18) with that of the NPs plus the grafted
chains. Intuitively, one would expect the strain-distortion effect
from the flexible grafted chains to be weaker than that arising
from the rigid cores of the NPs due to the ability of the grafts to
relax the strain field through conformational changes. However,
the grafted chains introduce other effects that could conceivably
lead to additional shear distortion. For instance, the grafted
chains have a long reach into the polymer that allows NPs to
form intermittent, percolating networks. Hydrodynamic inter-
actions between the grafted chains due to their close vicinity to
each other and NP surface corrugation due to some chains
being extended and others collapsed could also lead to
additional strain distortion effects. Such effects could potentially
add up to make the effective shear distortion from flexible
grafted chains comparable to those from rigid bodies. Clearly,
more theoretical and simulation studies are required to fully
understand and model these effects. Also, contrary to our
assumption in eqs 16 and 17, the moduli enhancement from
shear distortion could also depend on frequency.
Second, we use simple mixture rules to estimate the

properties of a polymer mixture from properties of individual
polymer species. While this strategy works well at the
macroscopic level, the applicability of these rules is unclear
for nanoscale systems where the interface thickness is on the
order of the phases themselves. It is likely that a separate
treatment of the interface, similar to that of the individual
phases, might be required. Third, we use a Rouse model of end-
tethered chains (only one end fixed) to obtain the relaxation
times of our grafted chains. However, additional studies are
required to investigate how the presence of an impenetrable
surface at the tethering point, such as the curved NP surface in
our systems, affects the relaxation time of the chains. Finally,
our model hinges on the Rouse theory, which may not be quite
applicable for some polymeric systems, such as melts of long
polymer chains that exhibit significant entanglements or
solutions of polymer chains where hydrodynamic interactions
between polymer segments become important. In these cases,
the tube model54 that accounts for polymer entanglement and
the Zimm model55 that accounts for hydrodynamic interactions
might be more applicable.

■ CONCLUSIONS

We have investigated the viscoelastic properties of PNCs
composed of polymer-grafted NPs distributed within a polymer
matrix. Specifically, we have carried out equilibrium MD
simulations of coarse-grained models of the PNCs and
computed their frequency-dependent storage and loss moduli.
We find that the PNCs containing grafted NPs exhibit
significantly higher G′(ω) and G″(ω) across all frequencies
examined compared to those containing bare NPs. We show
that most of this enhancement arises from the additional
distortion of shear field in the polymer matrix caused by the
addition of NP grafts into the matrix. The remaining
enhancement at low frequencies arises from the slower
relaxation times of the NP grafts compared to the matrix
chains, especially when the grafts are at least half as long as the
matrix chains. We have also examined the effects of a number of
NP-associated parameters on G′(ω) and G″(ω). Our results
indicate that both moduli decrease with increasing NP size and
increase with increasing NP loading, graft length, grafting
density, and graft/matrix affinity, with varying sensitivities to
each of the parameters. Furthermore, the parameters are found
to affect G′(ω) and G″(ω) in distinct manners, with some
effects being largely frequency-independent, others being
largely frequency-dependent, and yet others showing mixed
behavior. We have provided suitable explanations for each of
these effects based on shear distortion, relaxation times of the
matrix and grafted chains, and radial density profiles. Toward
the end, we propose a phenomenological model, based on
Rouse theory, that captures reasonably well the above
parametric trends and, in fact, yields quantitiative predictions
of the storage and loss moduli at low frequencies. Several
possible future extensions of this model are also discussed. The
results presented here should be useful to polymer experimen-
talists studying rheological behavior of PNCs and designing
them for specific applications as well as polymer physicists
aiming to understand and model the rich rheological behavior
of PNCs.

■ APPENDIX

At sufficiently low frequencies, it is possible to further simplify
the phenomenological model developed here (eqs 16−28) to
yield simple closed-form analytical estimates of G′(ω) and
G″(ω). The low-frequency response is arguably more relevant
to practical applications of PNCs than the high-frequency
response. Specifically, in the limits ω ≪ 1/τmatrix,R and ≪1/
τgraft,R, eqs 23−26 can be reduced to the following simpler
expressions:
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To obtain the above simplifications, we used the following
approximations of eqs 27 and 28: τmatrix,p ≈ τmatrix,R/p

2 and τgraft,p
≈ τgraft,R/(2p − 1)2. While the above approximations are valid
only at small p, their failure at large p affects the results only
marginally as the fast modes at large p contribute negligibly to
the moduli. This negligible contribution from the higher modes
also allows us to cast the finite series in eqs 29−32 as infinite
series, which then allows us to obtain their sums in terms of
known Riemman zeta functions.56

Substituting eqs 29−32 into eqs 21 and 22 and the resulting
expression along with eq 18 into eqs 16 and 17 yields the
following analytical form for the storage and loss modulus of
PNCs at low frequencies:
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yielding the characteristic ω2 and ω scalings of the storage and
loss modulus observed at low frequencies.
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